GROMOV-WITTEN THEORY OF ETALE GERBES, I: ROOT 

GERBES 



ELENA ANDREINI, YUNFENG JIANG, AND HSIAN-HUA TSENG 

' Abstract. Let X be a smooth complex projective algebraic variety. Given a line 

bundle £ over X and an integer r > 1 we study the Gromov-Witten theory of the 
stack sj LjX of r-th root of L . We prove an exact formula expressing genus Gromov- 
Witten invariants of \J LjX in terms of those of X. Assuming that either \JT7fX or 
X has semi-simple quantum cohomology, we prove an exact formula between higher 
genus invariants. We also present constructions of moduli stacks of twisted stable 



> 



o 



- T— I 

>< 



maps to \J LjX starting from moduli stack of stable maps to X. 
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1. Introduction 

Orbifold Gromov-Witten theory, constructed in symplectic category by Chen-Ruan 
|17j and in algebraic category by Abramovich, Graber and Vistoli [3], [2], has been 
an area of active research in recent years. Calculations of orbifold Gromov-Witten 
invariants in examples present numerous new challenges, see |20] . |18j . [39] . and [11] for 
examples. 

Etale gerbes over a smooth base are examples of smooth Deligne-Mumford stacks. Let 
X be a smooth Deligne-Mumford stack and G a finite group scheme over X. Intuitively 
one can think of a G-banded gerbe over X as a fibre bundle over X with fibre the 
classifying stack BG. A detailed definition of gerbes can be found in, for example, [27] , 
[14) . [23] . We are interested in computing Gromov-Witten theory of G-banded gerbes. 

The Gromov-Witten theoretic version of the so-called decomposition conjecture [29] 
in physics, which can be formulated for arbitrary G-gerbes more general than G-banded 
gerbes, states that Gromov-Witten theory of the G-gerbe is equivalent to certain twist 
of the Gromov-Witten theory of some etale cover of the base. Details of the conjecture 
in full generality will be discussed elsewhere. For G-banded gerbes this conjecture states 
that the Gromov-Witten theory of a G-banded gerbe over X is equivalent to (certain 
twists of) the Gromov-Witten theory of the disjoint union of |Conj(G)| copiesS of X after 
a change of variables. 

Root gerbes associated to line bundles provide an interesting class of non-trivial 
gerbe^. In this paper we study Gromov-Witten theory of root gerbes of line bundles 
over smooth projective varieties, with the decomposition conjecture in mind. 

Let S = y^^/X ^ X he the gerbe of r-th root of the line bundle L over a smooth 
projective variety X. Our main result. Theorem 14.4] is an explicit computation of 
genus Gromov-Witten invariants of S in terms of genus Gromov-Witten invariants 
of X. A reformulation of Theorem 14.41 in terms of generating functions confirms the 
decomposition conjecture for genus Gromov-Witten theory of 9, see Theorem 14.61 
Assuming that X has generically semi-simple quantum cohomology, we deduce from 
Theorem 14.61 the decomposition conjecture for 9 in all genera, see Theorem 14.81 and 
Corollary 14.91 We prove Theorem 14.41 as a direct consequence of a comparison result 
between virtual fundamental classes, see Theorem 14.31 To prove such a comparison 
result we analyze the structure of moduli spaces 3Co,n(9, /?) of twisted stable maps to root 
gerbes. We prove structure results, extending a result of [TT] for the gerbe Bfir, which 
state that components of 3Co,n(9,/3) are /ir--gerbes over certain base stacks constructed 
from Mo^niX, P) using log geometry. These are Theorems 13.191 and 13.201 Our proofs 
use heavily the results of [35] and [37]. 

^Here Conj(G) is the set of conjugacy classes of G. 

^For trivial G-banded gerbes X x BG, the computation of their Gromov-Witten invariants is handled 
as a special case of a general product formula for orbifold Gromov-Witten invariants of product stacks 
X X 2), see [7]. 
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In this paper we also study the case of arbitrary banded abehan gerbes over X. Let 
G be a finite abehan group and S — > X a banded G-gerbe over X. It is known (c.f. [26] 
Proposition 6.9) that if S is essentially trivial then S is a fiber product of root gerbes 
over X. In this case, as we explain in Appendix lA.il our construction in Section [3] can 
be extended to yield structure results on moduli stack 3Co,n(S,/3) of genus twisted 
stable maps to 9, see Theorem IA.6I For banded G-gerbes S which are not essentially 
trivial, we also prove in Appendix IA.2I a structure result of 3Co,ra(S,/5) by reducing to 
the essentially trivial case, see Theorem lA.il I With these structure results we calculate 
Gromov-Witten invariants of S in terms of those of X and prove the decomposition 
conjecture in genus 0, see Theorems I A. 13|, I A. 16|, and lA.lTl 

We have also proven the decomposition conjecture in all genera for toric gerbes. More 
precise statements on this can be found in our research announcement |6]. Complete 
details will be added in a later revision of this paper. 

We would like to mention that for gerbes over 1-dimensional toric stacks banded 
by abelian groups, the decomposition conjecture in all genera has been proven by P. 
Johnson [32] by a different approach. 

The paper is organized as follows. Section [2] contains discussions on some preparatory 
materials. In Section [3] we carry out the needed analysis on the structure of the moduli 
spaces of twisted stable maps to root gerbes. In Section H] we prove results on virtual 
fundamental classes and Gromov-Witten invariants, in particular the decomposition 
conjecture in genus 0. In Appendix [A] we study the case of general banded abelian 
gerbes. 

Conventions. Unless otherwise mentioned, we work over C throughout this paper. By 
an algebraic stack we mean an algebraic stack over C in the sense of By a Deligne- 
Mumford stack we mean an algebraic stack over C in the sense of [22j. We assume 
moreover all stacks (and schemes) are quasi-separated, locally noetherian, locally of 
finite type. Following [33], logarithmic structures are considered on the etale site of 
schemes. For the extension of logarithmic structures to stacks, see [36]. Given a scheme 
(or a stack )X, a geometric point x of X, and a sheaf of sets 9" on X, according to the 
standard notation we denote by 3^x the stalk of 9" at x in the etale topology. A gerbe is 
an algebraic stack as in [34j Definition 3.15. 

Acknowledgments. We thank D. Abramovich, A. Bayer, K. Behrend, B. Fantechi, 
P. Johnson, A. Kresch, F. Nironi, E. Sharpe, Y. Ruan and A. Vistoli for valuable 
discussions. H.-H. T. is grateful to T. Coates, A. Corti, H. Iritani, and X. Tang for related 
collaborations. Y. J. and H.-H. T. thanks Mathematical Sciences Research Institute for 
hospitality and support of a visit in spring 2009 during which part of this paper was 
written. H.-H. T. is supported in part by NSF grant DMS-0757722. 

2. Preliminaries 

2.1. Twisted stable maps. We recall the definition of twisted curve here, see [3], [2], 
|5] for more details. 

Definition 2.1 ([5j, Definition 4.1.2). A twisted nodal n-pointed curve over a scheme 
S is a morphism Q ^ S together with n closed substacks fij C C such that 
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• C is a tame Deligne-Mumford stack, proper over S, and etale locally is a nodal 
curve over S; 

• (Tj C C are disjoint closed substacks in the smooth locus of Q ^ S; 

• Gi ^ S are etale gerbes; 

• the map Q ^ C to the coarse moduli space C is an isomorphism away from 
marked points and nodes. 

By definition the genus of a twisted curve C — > 5 is the genus of its coarse moduh 
space C — > 5. 

Throughout this paper we will always assume that twisted curves are balanced, i.e. at 
any twisted node, the local group acts on the two branches by opposite characters. 

Let S" be a noetherian scheme and let X/S be a proper Deligne-Mumford stack over S 
with projective coarse moduli space X ^ S. We fix an ample invertible sheaf Ox(l) over 
X. Let Xg^niX, /3) be the fibered category over S which to any S'-scheme T associates 
the groupoid of the following data: 

• A twisted n-pointed curve (C/T, {o-j}) over T; 

• A representable morphism / : C — > X such that the induced morphism f : C ^ X 
between coarse moduli spaces is an n-pointed stable map of degree /? G H2{X, Z) 
(i.e. fl[C] = f3). 

According to [5], Theorem 1.4.1 the fibered category 3Cp^„(X, /?) is a Deligne-Mumford 
stack proper over 5. 

As discussed in [2j, there exist evaluation maps: 

evi : 3Co,n(X, /9) /(X), 1 <i <n 

taking values in the rigidified inertia stack /(X) of X. This map is obtained as follows. 
The rigidified inertia stack /(X) may be defined as the stack of cyclotomic gerbes in X, 
i.e. representable morphisms from cyclotomic gerbes to X. The evaluation map evi is 
defined to map a twisted stable map / : (C/T, {cj}) ^ X to its restriction to the z-th 
marked gerbe, 

/jcTi • > X, 

which is an object of /(X). 

The rigidified inertia stack /(X) has an alternative description. Define the inertia 
stack of X to be the fiber product over the diagonal: 

/X := X xxxgX 'X'- 

By definition, objects of /X are pairs (x, g) where x is an object of X and g is an element 
of the automorphism group of x. The rigidified inertia stack /(X) is obtained from /X 
by applying the rigidification procedure ([l], [4]). More details can be found in e.g. [3]. 

2.2. Root gerbes. We recall the notion of root gerbes. Let X be a smooth projective 
variety and let L be a line bundle over X corresponding to a morphism (j)£^ : X ^ BC*. 
Let Or : -BC* BC* be the morphism induced by the r-th power homomorphism 

C* ^ C*. The composite morphism 6r o (f>£^ : X ^ BC* corresponds to XL®''. 

Definition 2.2. Let r be an integer greater than 1. The stack {/ L/X of r-th roots of 
L is defined as 

{J^IX := X Xff,^^BC*,er BC*. 
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Explicitly it can be described as the X-groupoid whose objects over {Y, f) are pairs 
{M,ip), with M a line bundle over Y and (p : M®'" /*£ an isomorphism. An arrow 
from (M,(p) to (A^, V') lyii^d over a X-morphism h : {Y, f) iZ,g) is an isomorphism 
p : M ^ h*N such that if fits in the following commutative diagram 



h*N'^ 



f*L — ^h*g*L, 
where the bottom arrow is the canonical isomorphism. 

The following proposition follows easily from the definition. 

Proposition 2.3. The stack \J LjX is the quotient stack [H^/C*], where is the 
principal -bundle obtained by deleting the zero section of L, and C* acts or ^ ^ 
X ■ z = X'^z, A G C*, z e . In particular ^ LjX is a Deligne-Mumford stack. 

Proof. It is enough to observe that the following diagram is 2-cartesian 

-X 



pt 



□ 



BC* 



□ 



BC*. 



□ 



Remark 2.4. The morphism Or 
exact sequence 

1 



BC* — > BC* is a p,T-gerbe, because of the Kummer 



Mr 



c* c* 



Hence \J LjX X is a fir-gerbe. 



Remark 2.5. The stack yLfX may also be constructed as a toric stack bundle |31j . 

It is also possible to take root of "line bundles with sections". Let XL be a line 
bundle over X and let a be a section of XL. The data (XL,cr) correspond to a morphism 
: X [AVC*]. Let 6*,. : [AVC*] [A^/C*] the morphism induced by the r- 
th power morphisms on and C*. The morphism Or o (pfi^^j corresponds to the pair 
(XL^^cT^. The stack {/{L,a)/X is defined as 



{/{Si,a)/X:= [h}/C*] X[Ai/c*]A. t^VC*]. 

The stack constructed in this way is isomorphic to X outside the vanishing locus Z{a) C 
X of o", while the reduced substack of the closed substack mapping to Z{a) is a //^-gerbe 
over Z{a). Note that given a divisor D C X there is an associated line bundle with 
a canonical section vanishing on D. Therefore in the following we will also talk about 
roots of divisors. 



2.3. Line bundles over twisted curves. We recall some results about line bundles 
over twisted curves. In [15] there is an explicit description of the Picard group of a 
smooth twisted curve. Let C be a smooth twisted curve over SpecC. Let C be the 
coarse curve and Di £ C,l < i < n the marked points. It is known that C can be 
constructed from its coarse curve C by applying the r^-th root construction to the 
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divisor Di, for all 1 < i < n. (Here S N.) Let Tj, 1 < i < n be the tautological line 
bundles associated by the root construction and Ti,l < i < n their tautological sections. 

Lemma 2.6 ([15j, Corollary 2.12). Let IL be an invertible sheaf on Q. Then there exists 
an invertible sheaf L on C and integers ki satisfying < /cj < — 1 such that 

n 

1=1 

Moreover the integers ki are unique, L is unique up to isomorphism. 

There is an analogous description for the global sections of invertible sheaves on C 

Lemma 2.7 ([15], Corollary 2.13). Given the decomposition in Lemma \2.6\ every global 
section of £ is of the form tt* s ® t-^^ ... ^ r^" for a unique global section s of L, where Ti 
is the tautological section o/Tj. 

Lemma 12.61 can be rephrased as saying that PicC is an extension of PicC by a finite 
abelian group, namely 

1 ^ Pic C ^ Pic e ^ ©r=i^r, ^ 1, 
where rj are the orders of the stabilizers of stack points. 

Remark 2.8. The same description o/PicC holds when C is not smooth but has only 
untwisted nodes. 



The Picard groups of nodal twisted curves over SpecC admit a similar description. 
This is shown in e.g. [16]. We sketch the argument for the reader's convenience. 

Lemma 2.9 (See [16], Theorem 3.2.3). Let Q be an unmarked twisted curve with nodes 
ei,..,es. Let jj be the order of the stabilizer of the node ej. Then the following exact 
sequence holds: 

s 

1 ^ Pic C ^ Pic e ^ JJ Z/-fjZ 1. 

Proof. Let vr : C ^ C be the map to the coarse curve. Consider the exact sequence of 
complexes over C given by 

Notice that tt^/x^ = fJ-r and 7r*Gm = Gm- Therefore they are complexes concentrated in 
degree zero. The long Hypercohomology exact sequence gives 

1 ^ H\C,Gm) ^ H\e,Gm) ^ H\RTT,G^/TT,Gn,) ^ 1. 

This sequence is exact on the left because £'2''^ := HP{C, H'^{R'K^:Gm/Gm)) abuts to 
]S[P+i(^C, RTT^Gm/Gm)- The sheaf -ff'^(i?7r*Gm,/Gm) is equal to i?'^7r*Gm and does not 
vanish for g > 0. By [1], Proposition A.0.1, the stalk of R^TT^:Gm is canonically isomor- 
phic to Hi{Aut{p), 

Gm,p) where p is a geometric point of C . This sequence is exact on 
the right because H'^{C,Gm) = for C a genus zero nodal curve. The result follows by 
observing that H'^{p,r,Gra) = Z/rZ for q odd and is trivial for q even. □ 



Remark 2.10. The above proof generalizes to nodal marked twisted curves. 
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Normalization of twisted curves. It is very useful to describe a twisted stable map over 
a point / : C — > S in terms of the induced morphism / o i/ : C — > S, where S is 
the normalization of C. This morphism is still a twisted stable map (with possibly 
disconnected domain). According to [30] the normalization of a reduced stack X is 
defined in the following way. Let R ^ U he a presentation of X. Let R and U be the 
normalizations of R and U. It is possible to lift the structure morphisms of the groupoid 
R ^ U in such a way that R ^ U is also a groupoid. Moreover the diagonal R ^ U xU 
is separated and quasi compact. Therefore the groupoid defines an algebraic stack, 
which is the normalization of X. In particular the normalization morphism i/ : X — > X 
is representable. 

Smooth twisted curves admit line bundles whose fibers carry faithful representations 
of the stabilizer groups of the points in the special locus. Those are the tautological 
line bundles obtained from root constructions. Singular twisted curves over a point also 
admit line bundles with fibers carrying faithful representations of the stabilizer group of 
the nodes. This is the content of Lemma [2.91 In this case it is easy to describe those line 
bundles in terms of tautological line bundles on the normalization of the curve. Assume 
without loss of generality that C is a nodal twisted curve with only one node £ of order 
7. Let e be the image of the node in the coarse moduli space C. We have the following 
commutative diagram 



Pic C 



Pic C 



01/01 



Pic e 



Pic e 



oyo} 



Pic£ 



where Oe, resp. Og, is the local ring at the node e, resp. at the twisted node £, and 
Oe, resp. ©£, is its integral closure. Note that £ ~ Bfj,^. Here {7i) is the group 
generated by under tensor products. The line bundle carrying a representation of 
the stabilizers group of the node corresponding to an element of fij, where C is 
the standard generator, is mapped by the pullback along the normalization morphism 
u : C ^ Q to the pair of line bundles (T^.Tl'^), where T+, 7- are the tautological line 
bundles associated to the preimages of the node in the normalization. 



2.4. Logarithmic geometry and twisted curves. We recall here some basic facts 
about logarithmic geometry, which is the natural languge to describe twisted curves. 
We will use logarithmic geometry to construct the auxiliary stack 2)g „ ^ in Section [3.31 
Logarithmic structures have been introduced by Fontaine and Illusie and further studied 
by Kato [33]. A generalization to algebraic stacks can be found in |36j . We will consider 
log structures on the etale site of schemes and on the Lisse-Etale site ( |34j 12.1.2 (i)) of 
algebraic stacks (see |36j . Definition 5.1). 
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Given a scheme X, a pre-logarithmic structure, often called pre-log structure, consists 
of a sheaf of monoids M endowed with a morphism of monoids a : M ^ Ox, where 
the structure sheaf is considered as a monoid with the multiplicative structure. Given 
a monoid or a sheaf of monoids M, we denote by M* the submonoid or the subsheaf of 
invertible elements. 

When the natural morphism 0^^(03^) M* is an isomorphism, a pre-log structure is 
called a log structure. The quotient M / {O"^) is usually denoted by M, and called the 
characteristic or the ghost sheaf. There is a canonical way to associate a log structure to 
a pre-log structure. Given a pre-log structure a : M — > Ox, the associated log structure, 
denoted M°, is defined as the pushout in the category of sheaves of monoids as in the 
following diagram 



0*x M«. 

The morphism to the sucture sheaf : — > Ox is induced by the pair of morphisms 
(a,i), where l : 0^ ^ is the canonical inclusion. A scheme endowed with a log 
structure {X, Mx ) is called a log scheme. Log schemes form a category. A morphism 
between two log schemes (/, : {X, Mx) (Y, My) is a pair consisting of a morphism 
of schemes f : X ^ Y and a morphism of sheaves of monoids : f*MY Mx 
compatible with the morphisms to the structure sheaf. The pullback of a log structure 
is defined as the log structure associated to the pre-log structure obtained by taking the 
inverse image. 

A log structure Mx over X is called locally free if for any geometric point x £ X we 
have Mx,a; — N*" for some integer r, where Mx,x denotes the stalk in the etale topology. 
A morphism between free monoids (/> : Pi — > P2 is called simple if Pi and P2 have the 
same rank, and for every irreducible element of pi G Pi there exists a unique element 
P2 £ P2 and an integer b such that b ■ p2 = (piPi)- A morphism of locally free log 
structures is called simple if it induces simple morphisms on the stalks. 

Let D he a reduced normal crossing divisor on a scheme X. According to [33j, there 
is a locally free log structure canonically associated to D in the following way. Let 
U := X \ D and let i : U ^ X he the inclusion. Then 

Md :=i*(0*^)n03^ ^Ox 

defines a locally free log structure over X. Let x be a geometric point of X. The induced 
morphism 

Md,x ^ Ox,x 

is of the form N** Ox,x for some integer r. In other words, every irreducible element 
of the monoid 'Md,x corresponds to an irreducible component of the pullback of D to 
SpecOx,a:- Roughly speaking, etale locally a normal crossing divisor becomes a simple 
normal crossing divisor, namely it is a union of smooth irreducible components. This 
construction generalizes to stacks. 

The construction of Matsuki-Olsson. Let X be a smooth variety and let D = Ujg/Dj C 
X he an effective Cartier divisor with normal crossing support. Let {rj},g/ be a collection 
of positive integers. By [35], there exists a smooth Deligne-Mumford stack X with a 
normal crossing divisor 2) = Ujg/Dj C X satisfying the following properties: 
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(1) The smooth variety X is the coarse moduh space of X. 

(2) The canonical map vr : X ^ X is quasi-finite and flat, and is an isomorphism 
over X\D. 

(3) 7r*0x(-A) = Ox(-r,Di). 

Such a stack is defined as a category fibered in groupoids as follows. Objects over an 
X-scheme f : T ^ X are simple morphisms of log structures </> : /*Mi:) — > M such that 
for any geometric point t G T with image x = f{t) £ X, the induced morphism on the 
stalks of the ghost sheaves is of the following form: 



(1) Md,x M- 



According to [35j, if locally X = Spec{k[xi, ■ ■ ■ ,Xn]) and locally the divisor Di 
Z{xi) for 1 < i < m, then X is canonically isomorphic to the quotient stack 

[Spec(fc[yi, • • • ,yn])/Atri x • • • x /x^^], 

where k[yi^ • • • , y„] is a k[xi^ ■ ■ ■ , x„]-algebra via 

{yp , i <in 
and the action of /i^i x • • • x fiy.^ is given by 

luiVi, i<m, 



• • • ,Um) ■ Vi 



Vi, i > m. 



We compare this construction with the root construction. For a smooth scheme X, 
an effective Cartier divisor D C X, and a positive integer r, there exists (see [3], [15]) a 
smooth Deligne-Mumford stack Xi^^^^) satisfying the following properties: 

(1) The preimage of D is an infinitesimal neighborhood of the //r-gerbe D over D. 

(2) There is a canonical map tt : X(D,r) ~^ ^ which is an isomorphism over X \ D. 
Every point in X(£) lying over D has stabilizer /i^. 

This is the r-th root construction of X with respect to the divisor D and r. 

Let D := (Di,--- ,-D„) be an n-tuple of Cartier divisors and f = (ri,--- ,r„) be 
an n-tuple of positive integers. Let X(jj^^ be the stack obtained by iterating the root 
constructions over X and the sequence of divisors. One can see that if the divisor 
D = UiDi has simple normal crossing, then X ~ X^-^^y However if components of 
D have self-intersections, then along such self-intersections X has more automorphisms 
than X(j])^jfj. 

The stack of twisted curves. In [3^ the stack of twisted curves is constructed using 
logarithmic geometry. The stack OJt*'^ is a smooth Artin stack which has a natural map 
to the stack of prestable curves introduced in [12]. Such a map is defined by 

sending a marked twisted curve (C, {dj}) to its coarse moduli space with marked points 
induced by the dj. 

The notion of log twisted curve is introduced in 
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Definition 2.11 ([37], Definition 1.7). An n-pointed log twisted curve over a scheme 
S is a collection of data 

{C/S,{a^,ai},l:Ms ^M's), 
where C/S is an n-pointed prestable curve, ai : S ^ C are sections (marked points), ai, 
i = 1, ..,n are integer-valued locally constant functions on S such that for each s £ S 
the integer ai{s) is positive and invertible in the residue field k{s), and I : ^ M'^ 
is a simple morphism of log structures over S, where M5 is the canonical log structure 
associated to C/S. 

Log twisted curves turn out to be equivalent to usual twisted curves. 

Theorem 2.12 ([37j, Theorem 1.9). For any scheme S, there is a natural equivalence 
of groupoids between the groupoid of n-pointed twisted curves over S and the groupoid of 
n-pointed log twisted curves over S. Moreover, the equivalence is compatible with base 
change S" — > S*. 

Using this equivalence 971^'^ can be seen as the stack over Z which to any S associates 
the groupoid of n-marked genus g log twisted curves (C/5, {cij, Oj}, I : M5 ^ ^'s)- For a 
n-tuple of integer numbers b = (61, .., 6„), let 971*'^ (6) be the substack of OJtg'^ classifying 
log twisted curves with Oj = 6j for all i. There is a decomposition in open and closed 
components 

(2) ^I'^n^U'^l'^nib). 

b 

All the components 9Jt*'^(6) are isomorphic with each other. The boundary of dJtg^nib) 
is a normal crossing divisor D. Then there is an associated log structure, that we denote 
by Mz). For any 6, 9Jt*'^„(5) is the stack over Tlg^n whose fiber over any f : T ^ ^g,n 
is the groupoid of simple extensions of log structures f*M,D ^ My such that for any 
geometric point t gT with f{t) = x, Coker(M£)2. —>■ My J is invertible in k{t). From 
the construction just described, we see that 9K*'^(6) and 9?lg,n are locally isomorphic 

outside of the boundary locus, while over the locus of singular curves Tl^^n{b) acquires 
more automorphisms due to twisted nodes. 

Given a log twisted curve (C/5, {cij, Oj}, / : "Ms — > M'^), the corresponding twisted 
curve Q/S can be reconstructed as follows. It is the category fibered in groupoids whose 
fiber over any : T — > 5 is the groupoid of data consisting of a morphism s : T — > C 
over h together with a commutative diagram of locally free log structures on T: 

(3) h*Ms — ^ h*M's 

T 

s*Mc M'c, 

where 

(1) the morphism k is simple and for any geometric point t of T, the map 
M^j — > M(^^ is either an isomorphism, or of the form N** — > W^^ mapping 
Ci to Ci for i < r and to either Cr or Cr + e^+i, and 

(2) for every 1 < i < n and geometric point t of T with image s = s{t) in ai{S) C C, 
the group 

CokeriMZeM'c^^.^MZ) 
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is a cyclic group of order Oj. 

3. Moduli of twisted stable maps to root gerbes 

Let X be a smooth projective variety over C, XL a line bundle over X, and r > 1 
an integer. The purpose of this Section is to study the structure of the moduli stack 
3Co,n(S, /?) of genus twisted stable maps to a root gerbe 9 := -{/^/X. More precisely, we 
study component^ 3^o,n(S, f3)^ of 3to,n(S, /3) indexed by what we call admissible vectors 
(Definition I3.3p . The main results of this Section, Theorems 13.191 and 13.201 exhibit the 
structure of 3^o,n(S,/9)^ over the moduli stacliQ Mo^n{X, P) of stable maps to X. 

3.1. Components of moduli stack. We begin with some useful Lemmas. 

Lemma 3.1. Let G be a finite group, and let S ^ X be a G-banded gerbe. To give 
a lift 6^9 of a map to the coarse moduli space C ^ X is equivalent to give a map 

e^9xxC. 

Proof. Consider the following diagram 



/ 




To give a lift / of / means to give the outer square in diagram (jj]), namely the pair 
(/,7r). Due to the universal property of the fiber product this is equivalent to give a 
map f : C ^ 9 Xx C. Moreover / is representable if and only if / is. □ 

Lemma 3.2 (c.f. [E]). Let {Q,{ai}) be an n-pointed smooth twisted curve with stack 
points ai,l < i < n. Let fir^ be the isotropy group of the stack point ai. Denote by 
IT : (C,{(Tj}) {C,{pi}) the coarse curve. Let / : C ^ {/ LjX be a morphism and 
f : C ^ X its induced map between coarse moduli spaces. Suppose f is given by a 
line bundle M = ii*L (^^^I'T^^ over C (with < rrij < r,;j and an isomorphism 
ip : M'^''" ~ Ti* f*L. Then f is representable if and only if for 1 < i < n, we have ri\r 
and rui and ri are co-prime. 

Proof. By [5], Lemma 4.4.3, it suffices to study the homomorphism 
(5) Aut{ai) ^ Aut(f{ai)), 

induced by / on stack points. Here by ai we mean a morphism hi : Spec K ^ Q from an 
algebraically closed field i^T to C with image in the special locus. By the root construction 
description of C (see e.g. [H], Example 2.7 and [3j, Section 4.2), the stack point ai is 
equivalent to the data {hi,Mi,ti, (pi), where hi : Specif C with image pi, Mi is a line 
bundle over Specif, (f)i : Mf^^ h*(D{pi), ti is a section of Mj such that 4>i{tl^) = h*Si, 
hence ti = 0. The image f{ai) is given by h*M and h*^p : h*M®'' '^h*'K*f*L. Note that 
/i|Tj is naturally isomorphic to Mj. An automorphism e G Aut{ai) ~ /x^. is mapped to 

■^The term "component" here means a union of connected components. 
^We always assume that Mo,n {X, /3) is non-empty. 
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^rui g Aut{f{ai))) ~ fir since M = 7r*L (^"=1 T["' . This homomorphism is injective 
if and only if ri|r and rrii and n are coprime. □ 

Admissible vectors. The inertia stack /S admits a decomposition 

indexed by elements of fir- An object of 9g over /i : T ^ X is a collection {{M,(j)),g) 
where (M, (/)) is an object of S over T (i.e. M is a line bundle over T and (p : M®^ h*L 
is an isomorphism) and g is an automorphism of (M, (j)) defined by multiplying fibers 
of M by g. 

Definition 3.3. Let I{9)g C I (9) be the image of Qg under the natural map /S liS)- 
Let g := {gi, ...,gn) G /x^" be a vector of elements of fir- Set 

(6) %oAS,Py:=n^,ev7\7{9)gJ 
The vector g is called admissible 3Co,n(S, /3)^ is nonempty. 

Remark 3.4. Note that the definition of admissible vectors depends on a choice of the 
class 13. In what follows we often fix the class (3 and do not explicitly mention it when 
we discuss admissible vectors. 

Let [/: (e,{cJi}) ^ S] G Xo,„(g, /3)5(C). By definition the morphism f^^ : Bfir, ~ 
^ S is equivalent to an injective homomorphism 

fJ-n ^ fJ-r, exp(27r\/^/ri) gi. 

The argument in the proof of Lemma 13.21 applied to the irreducible component of C 
containing cTj, shows that we may write 

■ 

(7) gi = exp(27r-v/— 1 — -), with < mj < r^, and (mi,ri) = 1. 

n 

Furthermore, if H^^^ is the universal r-th root of XL over 9, then fl'^.L^/^ is the fin- 
representation on which the standard generator exp(27r\/— 1/rj) G fin acts by multipli- 
cation by exp(2TTy/ —Imi/ri) . In other words 

(8) age,,(ri:V^) = ^. 

Lemma 3.5. Suppose g = {gi, ...jgn) G is an admissible vector. Then 

(9) J]^^ = exp(^^^^ci(i:)). 

Proof. Let [/ : (e,cri,...,o-„) ^/^/X] G aCo,n(9, /3)^(C) be a twisted stable map. 
Let be the universal r-th root of over 9 = -{/XL/X. By Riemann-Roch for twisted 
curves (see e.g. [3], Theorem 7.2.1), 

n 

(10) Xir^'h = l + degr^i'/^ - ^age,^(ri:V-), 

i=l 



The identification of jj.r with the group of r-th roots of 1 G C* allows us to identify g £ fir with com- 
plex numbers. We use this to make sense of the multiplication. In what follows we use this identification 
without explicit reference. 
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which is an integer. Clearly 

degf*Ji'/^ = - [ ci(£). 
r J (3 

By (HI) and (HD we have 

5i = exp(27r^age,^(7*i:i/^)). 

The result follows. □ 

Proposition 3.6. Let S = -{/^/X X be a root gerbe. Let [f : (C,pi, X] 
be an object of MQ^n{X, f3){C). Then for a vector g = {gi,...,gn) G fJ-r^ satisfying (0j 
there exists, up to isomorphisms, a unique twisted stable map f : (C, cJi, ct^) 9 in 
3Co,n(S,/3)^^ lifting f. 

Proof. We first assume that C is smooth. Associate to g the numbers rj and m-j, 1 < 
i < n as in Let (C, ui, (T„) be the smooth twisted curve obtained by applying the 
Tj-th root construction to the divisor pi G C for 1 < i < n. Denote by Tj, 1 < i < n the 
tautological sheaves and by tt : C — > C the natural map. By Q we have 

idegvr*/*^- Y.-^^- 

\<i<n * 

Pick L G Pic(C) such that degL = ideg^*/*^ - Ei<i<n ^- Set 

M:=7r*L0 (g) Tf\ 

l<i<n 

Then degM®** = deg-7r*/*iL, so there exists an isomorphism M'^'^ ~ 7r*/*£, which 
defines a map / : C ^ 9- By construction / is a lifting of /. By Lemma 13.21 / is 
representable. Also, / is unique up to isomorphisms since the line bundle L on C ~ 
is determined up to isomorphisms by its degree. This proves the Proposition in case C 
is smooth. 

We treat the general case by induction on the number of irreducible components 
of C. The case of one irreducible component is proven above. We now establish the 
induction step. Let Ci C C be an irreducible component containing only one node x, 
and C2 ■= C \Ci. In other words Ci is an irreducible component meeting the rest of 
the curve C2 at the node x. Let T C [n] := {1,2, ...,n} be the marked points that are 
contained in Ci. Restrictions of / yield two stable maps 

fi ■■ (Ci, e T} U {x}) ^ X, /2 : (C2, {pi\i G T^} U {x}) ^ X. 

Here T'~' := [n] \ T. Set /3i := /i*[Ci] and define mx,rx G Z by 

— :=(-V — + -/ ci{L)), {m^,r^) = l. 

Here (— ) denotes the fractional part. Note that rx\r since rj|r for i £ T. Therefore we 
may define gx ■= exp(27rV— G fir- 

By the smooth case there exists a lifting 

7i:(ei,{ai|iGr}uK})^g 

of /i associated to the collection {gi\i G T} U {gx}- By induction there exists a lifting 

72:(e2,{^^KGr^}uK})^g 
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of /2 associated to the collection {gi\i G T } U {g^ ^}. By our choices of the actions of 
isotropy groups at ax and a'^ we see that Ci and 62 glue along ax, a'^ to form a balanced 
twisted curve C, and the morphisms /i,/2 define a morphism / : {Q,ai, ...,an) — > S 
which is representable and is a lifting of /. 

By restricting to irreducible components, we see that uniqueness of lifting follows 
from uniquess of lifting in the smooth case. This completes the proof. □ 

Remark 3.7. Lemma \3.5\ and Proposition \ 3.6\ combined show that admissible vectors 
(for a fixed class (3) are completely characterized by the condition This condition 
can be viewed as a generalization of the monodromy condition which is required to hold 
for genus twisted stable maps to B^^- 

In what follows we prove that each open-and-closed component 3Co,n(S,/3)^ of 
3^o,n(S,/?) is a gerbe over a base stack that can be constructed over Mo^ni^-, fi) by 
using logarithmic geometry. This base stack is isomorphic to Mo,n(^, /?) over the (pos- 
sibly empty) locus corresponding to twisted stable maps with smooth domain curve. 
Along the boundary it has more automorphisms, corresponding to the fact that singular 
twisted curves carry additional automorphisms associated to the stacky nodes. In order 
to describe the gerbe structure of 3<]o,n(S, and its base stack we will need an auxiliary 
stack parametrizing weighted prestable curves. 

3.2. The stacks ^g^n,i3 and ^^^^ p- describe a stack introduced in [21], Section 
2. It parametrizes weighted prestable curves with a stability condition. Denote by 9Jtg,n 
the stack of genus g prestable curves with n marked points. 

Let g,n ^ Z>o and /3 E H2{X,'L). A triple {g,n,(3) is called stable if either /? 7^ or 
/? = and 2g — 2 + n > 0. For a triple {g, n, (3) the stack Tlg^n,i3 over Tlg^n is defined 
inductively in the following way: 

(1) If {g, n, (3) is unstable, then 0Jtg,n,/3 is empty. 

(2) If (g, n, 13) is stable, an object of '^g^n,p over T is 

(a) an object (C, {sj}) of ^g^n{T)., namely a genus g prestable curve over T 
with n sections in the smooth locus; 

(b) a constructible function / : Cgen — > ^) > where Cgen — > T is the 
complement of the nodes and the sections in C . The function / must be 
locally constant on the geometric fibers of Cgen T. 

(3) if T'' C T is the open subscheme parametrizing nonsingular curves ^ , 
then / : Cg^n — *■ H2{X,Z) must be constant with value /?. 

(4) / has to satisfy two kind of gluing conditions along the boundary of Tlgy. 

(a) Suppose that there is a decomposition g = g' + g" and [n] = {1, = 
TjjT'^, with \T\ = n' and \T'^\ = n" and a map S ^ T such that the 
composite map S ^g,n factors into 

S dJlg/^TU{s'} ^ ^g",TC lJ{s"} ^g,n, 

where the second map is obtained by gluing the marked sections s' and 
s" . Let C'y S Tlg/^n'{S) and Cy G 971^// ^„{S) be the associated families of 
curves. We require that the pulled back constructible functions /' : C'y 
H+{X,Z) and /" : H+{X,Z) define a morphism 

g" (3" ' 
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(b) Suppose that there is a map S ^ T such that the composite map S — > ^g,n 
factors into 

S ^g~l,nU{s',s"} ^g,n- 

Then the associated genus g — 1 family of curves Cs — > S with the pulled 
back constructible function / : Csgen — > H2{X, %) has to define a morphism 

S —I- ^g-l^nUW,s"},l3- 

The constructible function / : C^en ~^ //^(X, Z) will be called the weight. An object 
{C,f) of 9Jlg,ri,/3 is called a ifg*^ (X, Z)-weighted prestable curve, and its total weight is 
by definition 13. 

Note that in this definition it is important that i?2^(X, Z) is a semigroup with inde- 
composable zero and any of its elements has a finite number of decompositions. 

We quote some properties of the stack Vytg n,f5' 

Proposition 3.8 ([21]) Proposition 2.0.2). The map ^HJlg^n^ ~^ ^g,n defined by forgetting 
the weights is etale, and relatively a scheme of finite type. Therefore the stack Tlg^n,i3 is 
a smooth algebraic stack. 

Proposition 3.9 ([21j, Proposition 2.1.1). The natural morphism 9?tg,n+i,/3 ~^ ^g,n,p 
defined by forgetting the (n + l)-st marked point is the universal family over dJtg^n^iS- 

Boundary of 9Ho,n,/3- Boundary divisors of OKo,n are indexed by subsets T of [n] := 
{1, 2, n}. Each T corresponds to the boundary divisor which parametrizes curves 
C = Ci U C2 meeting at a node such that marked points indexed by T are contained in 
Ci and other marked points are contained in C2. 

Boundary divisors in ^o,n,f3 can be similarly described. 

Definition 3.10. Given (T, /?'), where T is a not necessarily proper subset of [n] 
and (3' G H2{X,'L) such that /3' < (3, define Z?J, C 9Jlo,n./3 ^0 be the divisor which 
parametrizes curves C = Ci D C2 meeting at a node such that 

(1) marked points indexed by T are contained in Ci, marked points indexed by T'^ := 
[n] \ T are contained in C2; 

(2) f\c,=fi' andf\c,=f3-f3'. 

Note that D^, = DJ^^,. Let hn : OJlo,n+i./3 — *■ ^o,n,/3 be the map that forgets the 
(n + l)-th marked point. Then 

(11) h-'Dj,=D^,,UD^^y^-^'K 

Lemma 3.11. The boundary divisors DJ, are normal crossing divisors. 

Proof. Consider the natural map In '■ ^o,n,f3 ^o,n that forgets the weights. The 
following relation holds 

r Uo<p'<pD^, if |r| < 2; 
l-^D^ = I Uo<f3'<i3D^, if 2 < |r| < n - 2; 
[uo</3'</3i?J, if|r|>n-2. 

Since are normal crossing divisors in 9Jlo,n and the morphism In is etale, the result 
follows. □ 
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Log structure on OJto,n,/3- Let Jd be the set of pairs {T,j3') with T C [n],n ^ T, such 
that one of the following holds: 

(1) < < /3; 

(2) /?' = and |r| > 2; 

(3) /3' = /?and |r| < n - 2. 

The uniord of boundary divisors 

(12) U D}, C 9Jlo,„,^, 

(T,/3')eJD 



is a reduced normal crossing divisor. The divisor ()12p defines a locally free log structure 
over 9Jto,n,/3 which we denote by M^. This follows from a general construction we 
described in Section [2l4l (see page[8|), following [33]. 

Let an*'"„ be the stack of genus g twisted curves with n marked points introduced in 
Section [2.4[ Define 

The stack OJl*'^ ^ parametrizes ffg*^ (X, Z)-weighted genus g twisted curves with n marked 
points and total weight [5. 

3.3. The stack 2)q^^. We will define a stack over OHo^n,/? using the log structure 
and some additional data coming from an admissible vector g^ following |35j . 

Fix an admissible vector g = ((71, ...,5n) £ /^r We define a collection of triples of 
integers {(pj, r^, mj)|l < i < n} as follows. Each gi,l < i < n may be identified with a 
root of unity 

gi = exp(27r\/^6lj), where 6lj G Q n [0, 1), 

which defines the rational numbers 9i,l < i < n. The characterizing relation of admis- 
sible vectors ([9]) reads 



^ 27r / 1" f 

Y[exp{2^T^/^9i) = exp{ / ci(i:)). 

^ — 1 ^ -^z? 



i=l 

For 1 < i < n, define 

(13) Pi := r6'i, := —f -, rm := — -. 

gcd{r,pi) gcd{r,pi) 

Let (T, P') be an index of the boundary divisors of 9Jto,n,/3 as in Definition 13. 101 Define 

^ Jp' ~^ gcd{r,reT,(3') gcd(r,reT,i3') 

Here (— ) again denotes the fractional part. This definition makes sense since J^, ci{L) — 
^ieT '''^i integer. 

Definition 3.12. Let 2)on/3 stack obtained by applying the construction of |35] . 

Theorem 4-1 recalled in Section \2.4\ to the stack 9Jto,n,/3) the normal- crossing divisor 
and the collection of positive integers {rj-^/s'liT, P') G Jd}- 



^We want each divisor D^, to appear only once in this union. I.e. the pairs (T, (T'"' , /3 — /3') 
shouldn't both occur. The requirement n ^ T is a way to select only one of them. 



GROMOV-WITTEN THEORY OF ETALE GERBES, I: ROOT GERBES 17 

Let 2)^^^| p be the stack obtained in the same way from the stack QHo^n+i,/? ^^^c? the 
admissible vector gU {1} := {gi, gn,l) S /i^^""*"^. 

As in the proof of [35j, Theorem 4.1, the stack 2)q „ ^ is defined as a category fibered 
in groupoids whose objects over a 9Jto,n,/3-scheme f : S ^ ^o,n,i3 are simple morphisms 
of log structures 

r^h ^ Ms 

such that for every geometric point s — > of S with x = f{s) there is a commutative 
diagram 

^ ffifxr^- 0.) ^ 

(15) em,ft)N^^^e(T.,ft)N 



where the sum is taken over pairs {Ti,(3i) G 3d labelling the irreducible components of 
the pullback of D to SpecO^^s- Note that the {Ti,j3i) may have repetitions. 

Remark 3.13. Note that property (2) listed in the construction of Matsuki-Olsson in 
Section \2.4\ implies that the structure morphism 2)q„^ — > 97^0, n,/3 is quasi-finite and flat. 

Proposition 3.14. The stack 2)^ „ ^ parametrizes H2 {X,!,)- weighted genus twisted 
curves such that 

• the i-th marked gerbe is banded by fin: 

• the nodes are stack points of orders {rT,i3'}- 

In particular 2)^ ^ ^ is an open substack of 2)Tq'^ ^• 

Proof. By definition a morphism f : S ^ ^on/s consists of the folowing data: 

(1) a morphism / : S — > 9?to,n,/3) corresponding to a weighted curve {C/S, {si}) with 
marked sections Sj; 

(2) a simple morphism of log structures / : f*MJl) ^ M5 inducing diagram p^ . 
with coefficients associated to irreducible components of D as in (jl4p : 

(3) a n-tuple of integer numbers {rj}"^^, determined by g and (3 according to (fT3]) . 

The above data are equivalent by definition to a log twisted curve, see Definition 12.111 
The corresponding twisted curve C is determined as in [37j, Section 4 (see here page [TO|) . 
Consider a morphism f7 — > C. Let u — > f7 be a geometric point mapping to the marked 
point Si of C. Let t be an element in Oc,u locally defining Sj. According to [37], Section 
4.2, etale locally C is isomorphic to 

(16) [Spec{OcM^]/{z'^-t))/fin], 

where fin acts by multiplication on z. Let u ^ C map to a node. Such a node 
corresponds to an irreducible component D^^ of the boundary divisor D on 9Jto,n,/3- Let 
us consider the pullback of to Spec 0(/,m- If the curve C has k nodes of type [Ti, Pi), 
the pulled back divisor will have k irreducible components corresponding to irreducible 
elements Cj^, .., ej^. of the monoid f~^M.^j^ ~ W, where r is some integer number. The 
induced morphism lu : /~^M^ „ ^s,u acts on the submonoid generated by Cij, .., Cj^. 
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as the multiplication by rj-^,/?,. According to [37], Section 4.3, after choosing an etale 
morphism C Spec 05^ti[a;, y]/(xy — t), the etale local description of C is 

(17) [^v^c{Oc,u[^M/{zw - = = y))//i,^^_^J, 
where the action of u^^ „ is the usual balanced action. □ 

Lemma 3.15. The natural morphism 2)on/3 ~^ ^tale. 

Proof. This is immediate from the proof of Proposition 13.141 and [37j, Lemma 5.3. □ 

By Proposition 13.141 the stack 2)q „ ^ is the moduli stack of certain weighted twisted 
curves. Its universal family can be described as follows. 

Proposition 3.16. There exists a natural morphism 

(18) Wo 

which is the universal family of genus twisted curves with n marked gerhes over^Q^ ^. 
In particular for 1 < i < n, the i-th marked gerbe is banded by the group fj-^- 

Proof. By the construction of 2)on/3' ^ normal crossing divisor 

(T,/3')eao 

such that <OfOT(,„a(-DT,) = O^g (-rT,/3'2)«/), where T^n ■ ^ ^0,n,f3 is the 

natural map. Let M^, be the locally free log structure associated to T>. By construction 
of 2)q ^ p there is a universal simple morphism 

(19) [„ : <MS ^ Ml, 

of log structures over 2)q ^ ^, where is the log structure defined by the divisor (fT2|) . 

Let hn ■ ^o,n,f3 9^o,n,/3 be the universal family of weighted curves over 9?to,n,/3- By 
Proposition 13.9^ ^o,n,/3 can be identified with 9?to,n+i,/3- Let h'^ : (t' ^ ?^on/3 

pull-back of hn via the natural map 7r„ : 2)on/3 ~^ ^o,n,/3i i-e- there is a 2-cartesian 
diagram 

e:' *- ^o,n,i3 



h 

^9 



□ 



/in 



The data 

(20) (/i'„ : ^ 2)g„^^, {r, = order(5i)}i<i<„, l„ : <M2) ^ M^,) 

is a log twisted curve. The universal twisted weighted curve n /3 ~^ n /3 n /3 

is obtained from ((20]) by applying the construction of [37j , Section 4 (see Page [10] for a 
summary). 
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Note that over there is the fohowing diagram of log structures 

(21) h'::K^i^^Kui 

where the vertical arrow is the pullback of the morphism h!^ : /i* — > M.^^ induced 
by (jlip . Consider the morphism 



(22) M^,p^M^+\ 

which is induced by for any geometric point q € 9Jto,n+i,/3 with p = hn{q). Let 
Cp = h~^{p). The morphism (|22p has the following properties: 

(1) if g e Cp is a nodal point, i.e. q G D^^ n fgj. gome i, then, up to 
isomorphism, it is of the form N^' N^'^"^, mapping to Cj, « < r and e^. to 

6f + 6r+l ) 

(2) if (7 is a marked point, i.e. q G Dq-''"^^^ for some 1 < j < n, it is of the form 
N*" W'^"^ mapping Cj to Cj for i < r; 

(3) if g is a smooth point, it is of the form N*" — > N^, mapping Cj to for i = 1, ...,r. 

An object of C^g „ ^ over S is given by a morphism f : S ^ and by a simple 
morphism /*7r*_|_]^M^'*'^ ^ M'^ completing (|2ip to a commutative diagram 

(23) f*h'*Ml 



satisfying conditions ([1]), ([2]) listed on PagellOi Let s be a geometric point of 5 mapping 
to g G ^o,n+i,f3 and assume that p = hn{q) belongs to n .. n -DJ^. Consider the 
diagram obtained from ((23]) by taking the stalk at s of the associated ghost sheaves. 
There is a bijection between the divisors D^' containing the point p and irreducible 
elements of the monoid M^^. If s maps to the j-st marked point of Cp, i.e. if g G 

D^p] n .. n L>J; n Df^+\, with r^+i = {j,n + 1} and f5r+i = 0, we get the following 
diagram 

(24) eLiN 



where the vertical arrows map Cj to e^, i = l,...,r. By condition ([T]) on Page fTUt we 
must have = ry^,/?; for i = l,..,r and by condition ([2]) on Page [TOl a^+i = r^, the 
order of the j-th marked point of twisted curves parametrized by 2)q ^ ^. 

Suppose that s maps to a nodal point of Cp. In this case q belongs to D^^^ n .. n D^^ n 
■^PrVi , where T^+i = T^U {n + 1} and /3r+i = /3r for some T^., /J^. Note that we abuse the 
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notation by using the same symbol for divisors in 9Jlo,n,/3 and 9Jlo,n+i,/3- In this case we 
get again a diagram as in (j24p , with vertical arrows mapping Cj to , i < r and mapping 
Cr to Cr + Cr+i- Commutativity of the diagram implies that = Or+i = ?^Tr,/3r- 

From the above discussion we see that an object of ^_(_^ ^ over S encodes a morphism 

f : S ^ 9Jto,n+i,/3 and a simple morphism of log structures f*M,^^ — > M'^ as in [35], with 
coefficients aT,/3') T C {1, ..,n}, f3' < (3, associated to the the irreducible components of 
the boundary divisor D^, as follows: 

• "T,/?' = aTU{n+l},/3' = 1'T,f3', {T,I3') £ Jd] 

• a{i,n+i},o = ri, i = l,-.,n; 

where the r^^^' are the integer numbers determined as in (jl4p for the admissible vector 
g and the class /3. Observe that the collection of the coefficients ar,/3' coincides with 
the collection of coefficients r^^,/?' associated to the admissible vector {1} and to the 

class (3. In other words there is a natural morphism „ ^ ^ 2)^^^ J ^. 

On the other hand, it is not hard to see that there is a morphism 2)^^^^ /3 ^ n /3' 
We start by showing that there is a morphism hn : 2)^^_^| ^ —>■ 2)q „ ^ inducing a mor- 
phism fn+i ■ ^f^n+i 13 ^ ^' • Consider the universal simple morphism of log structures 
: <+iM2+^ ^ over ^f^'^H^, where 7r„+i : SlJ'j,;;^^ ^ a^Cn+i,/? is the 

natural map, and IvV^^ is the log structure associated to the divisor D on S)^^^';} ^ by 

construction of 2)^^_^| ^. There is a natural sub-log structure M^'n of M!^"^"^ which is 
associated to the divisor 

:= (J 03^, 

{T,/3')e3o 



The composite morphism 



factor through M^'n and 7r*_,_|/i*M^ — > Md'^ is a simple morphism of log structures. 
This defines the morphism By construction Mxi'" is the pullback of M^, along hn- 
We conclude by observing that the pair (/n+i, In+i) satisfies diagram (p3|) with fn+i in 
place of /, giving the morphism 2)^+^^ ^ ^o,n,f3- 

It is not hard to check that the two maps between 2)^^_('^} ^ and n /? inverse to 
each other. 

We use [37], Lemma 5.3 to conclude that 2)^^^J ^ is an open substack of ^^(^^+1 p- ^ 

Remark 3.17. An argument similar to the proof of Proposition \3.l6\ can be used to 
characterize the universal weighted twisted curve over ^ as an open substack of 

Let [/ : C ^ S] G 3Co,n(S, /?)^- By forgetting / and keeping degrees of the restrictions of 
/ on irreducible components of C, we obtain a morphism 



■tw 

0,n,/3- 
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Lemma 3.18. There exists a natural morphism 



0,n,f3- 



Proof. Let [/ : ^ S] be an object of Xo,n{9, (3)HC). The pushforward 

defines the weight function C^^" — > -ff^(X, Z). The domain (C, {fTj}) is a genus twisted 
curve whose i-th marked gerbe (1 < i < n) is banded by fin- Let x G C be a node which 
separates C into two connected components C = C1UC2. Put /*[Ci] = f3' and let T C [n] 
be the set of marked points contained in Si. Since / is representable, Lemma 13.21 and 
equation (jl4p imply that x is a stack point of order r^,/?'. This defines an object of 



^On/B- Because indices of nodes are locally constant, extension to objects over general 
base schemes is straightforward. □ 

3.4. Gerbe structures on components. We continue to fix an admissible vector 
g = {gi,...,gn) G Hr^- Consider the following diagram: 



(25) 




p 



Mo,„(X,/?) 



□ 



0,n,/3 



n 



^0% -ano,n. 



Here the morphism p : 3<Co,n(S, /5)^ — > ^o,n{X, P) is defined by sending a twisted 
stable map to its associated map between coarse moduli spaces. The morphism 
%,n,i3 ^o!n,(i is defined by Proposition [3Til The stacks P and Pi are defined 
as fiber products. The morphism t : 3Co,ra(S,/3)^ Pn is evidently defined. 
The goal of this Subsection is to prove the following 



Theorem 3.19. Let 9 = {/^jX ^ X be an r-th root gerbe. Let g be an admissible 
vector for S and a choice of f3 £ H^iX.,!^). Then the morphism t : 3^o,n(S,/3)^ — > Pn 
exhibits 3Co,n(S,/?)^ as a fir-gerbe over Pn . 

Proof. We will prove that t : 3Co,n(S, /3)^ ^ Pn is a gerbe by showing that the structure 
morphism and the relative diagonal are epimorphisms in the sense of [M] Definition 3.6. 
We know by Proposition 13.61 that the morphism is bijective on geometric points, hence 
to prove the first claim it is enough to show that 3Co,n(S,/3)^ — > Pn is etale. For the 
notion of etale non-representable morphisms between algebraic stacks we refer to |34] 
Definition 4.14. Since the stacks involved are of finite type we can use Proposition 4.15 
(ii) of [Mj- Moreover, since we assume the stacks are noetherian, it is enough to prove 
that the lifting criterion of [M], Proposition 4.15 holds for morphisms from artinian local 
rings (cfr. [25], 17.5.4 and [2l], 0, Prop. 22.1.4.) Consider a square zero extension of 
artinian local rings: 



(26) 



L ^ B ^ A 
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We need to show that given the outer commutative diagram 

Spec A -3^o,n(S,/5)^^ 

SpecB 

the morphism Spec^ — > 3Co,n(S,/3)^ factors through Speci?. Given a twisted stable 
map /yi : Ca ^ S over Spec^ together with a hfting ^ of the domain curve to 
SpecB and a hft /b '■ Cb ^ X of the coarse map /a '■ Ca X to SpecB, we claim 
that /a lifts to Speci? uniquely. To show this first note that the exact sequence 

arising from the extension (j26p gives an isomorphism Pic Cyi ~ PicC^. Indeed, H^{I) 
vanishes because the curves have arithmetic genus zero, and H^(I) vanishes by dimen- 
sional reasons. The morphism Ja is defined by a line bundle 'Na satisfying J^^^ ~ tt^/^XL, 
where vr^ : — > Ca is the map to the coarse curve. The isomorphism Pic ~ Pic 65 
yields a line bundle J^b on Qb which satisfies ~ ■K'^f^H. (Again ttb ■ Cb ^ Cb 
denotes the map to the coarse curve.) This defines the desired extension /b : C_b ^ S- 
It remains to show that the relative diagonal morphism 

is locally surjective, namely that any two local sections are locally isomorphic. Let 
r ^ P,? be a morphism which gives rise the twisted curve Qt over T with coarse curve 
ttt^ : Ct — > Ct and stable map : Ct X. Consider the base-change 

(27) 3Co,„(g,/5)^^Xp,^r^r. 

Sections of ([27l) are twisted stable maps Ct — > 9 which induce fx- Such maps are defined 
by line bundles !N" on Ct satisfying N®'' ~ ir^f^H. Two sections are isomorphic if and 
only if their defining line bundles are isomorphic. 

Let / and /' be two sections of ()27p with line bundles Tvf and 3sf'. Note that the line 
bundle !N !}Sf'^ is a pullback from the coarse moduli space Ct since it carries trivial 
representations of the special points of any geometric fiber of Ct- This is due to the fact 
that !}sf and induce twisted stable maps with same admissible vector. Note moreover 
that (>r® 3N['V)®''is trivial: 

As a consequence, 3sf (8> 3sf'^ restricts to a trivial line bundle over any irreducible compo- 
nent of any geometric fiber of Ct- By the Theorem on Cohomology and Base change, 
3Sf(8) is isomorphic to the pullback of a line bundle from the base T. Every line bun- 
dle over a scheme is locally trivial, therefore up to base change by an etale morphism 
T' ^ T the two line bundles 3sf and 1^' are isomorphic. 

For any object of 3Co,n(S,/9)^ over some x £ Pn{T) the sheaf of relative automor- 
phisms Autx{i) is a sheaf of abelian groups. Therefore 3Co,n(S,/9)^ — > is a gerbe 
banded by a sheaf of abelian groups ([27J, Proposition IV 1.2.3 (i)). For any ^ in 
3^o,n(S, /3)^, there is a natural identification Autx{i) ~ {Hr)T- Indeed automorphisms 
of ^ leaving x fixed are automorphisms of a line bundle over a twisted curve p : C ^ T 
whose r-th power is the identity. The claim follows since for a family of twisted curves 
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p*Oe — Ot- Such a collection of natural identifications is compatible with restrictions 
and isomorphisms. This means by definition that the %o.n{9, P)^ is banded by (fJ-r) pS 
([27], IV, Definition 2.2.2). □ 

3.5. Root gerbe structures on components. Consider the following diagram 



(28) 



n+1 



Mo,n+l(X,/3) 



Ai'o,n(X,/3) 



□ 



m9U{l} 



□ 



0,n+l,/3 



■ 971, 



0,n,/3- 



The stack is defined by the cartesian square on the left. The square on the 

right is cartesian by Proposition 13. 9i The existence of the morphism — > 2)^^^ 
implies that the outer square in ()28p is equivalent to the outer square of the following 
diagram 



(29) 



P: 



■Ml} 



n+l 



p9 



□ 



<V|9U{1} 



■ 971, 



0,n,/3- 



Since (|28|) and the right side of (|29|) are cartesian, the left part of (|29|) is also cartesian. 

By construction the stack Pn parametrizes the data 

((e,cJi,...,o-„),(/ : (C,pi,...,p„) ^X)) 

where (C, cJi, (t„) is an n-pointed twisted curve with isotropy group at Ui being /i^,, 
(C,pi, ...,pri) is the coarse curve, and [/] G Mo,n(-'^;/3) is a stable map. The universal 
twisted curve over P^ is given by the morphism P^j^ ^ — > Pni and the universal stable 
map is obtained from the composition 

u:P£;^f>-Mo,n+i(X,/3)'^^^X 
The purpose of this Subsection is to prove the following refinement of Theorem 13.191 
Theorem 3.20. 3^o,n(S,/3)^ is a root gerbe over the stack Pn- 

Proof. We construct a line bundle over Pn and show that the stack of its r-th roots 
admits a representable morphism to 3<!o,n(S, /3)^ which covers the identity map on Pn • 

Recall that for an admissible vector g = (gi,...,gn) we have defined triples 
{pi,ri,mi),l < i < n oi integers in (fT3|) . For 1 < i < n we choose di G 7^ such 
that 



(30) 



9i = exp( 



—di), and — = - /" , 



This is possible because of ([9]). Note that di depends on (3. 

Associated to a pair (X", which, indexes a, boundary divisor of OJlo,n 

we have 

defined a triple (^t,/3') '^r,/3') "^T,/3') of integers in ([HI). We define another integer dx^p' 
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such that 

(31) 2:^ + ^ = -/ c^iL). 

Note that ([3T]) imphes dx^is' = —dj'C jj_pi and (7^) = 0t,i3'- 



For 1 < i < n, let S'j C 2)^^_|';J ^ denote the puhback of the z-th marked section divisor 
from SOTo,n+i,/3- Define a hne bundle over 2)^+i ^ as follows: 

(32) % := 0^,uo> f E - E . 

Here J/j is the set of pairs (T, /?') defined on page [TBI 

Lemma 3.21. There exists a line bundle £2 over Pi such that 

(33) (v*^^)^^ («*£)-! ~ 0*£2- 

Proof. As in pjj, it suffices to check that the degree of the line bundle {v*^<q)^'^ 
{u*L)~^ restricted to any component of any fiber of (/> is zero. The argument works 
because (f*£'2))®'' (8) (n*L)~^ is in fact a pullback from 9Jlo,n+i,/3- Indeed £/ is a line 
bundle over a scheme and (t;*£!g)®^ carries trivial representations of the automorphisms 

groups of stacky points of 2)^^_|'^J ^ relative to 9Jto,n+i,/3- Let C be a fiber of </>, with coarse 
curve C. Denote by / : C — > X the corresponding stable map to X. Let e° C e be 
an irreducible component with coarse curve C^. Let xi,...,Xm be nodes of C that are 
contained in C''. Let Tj C [n],l < j < m he the marked points contained in the 
subcurves C C which are connected to C'^ at xj, and Tq the marked points contained 
in e°. Then [n] = Tq U Ti U ... U T^. Put ^0 := /*[C°] and Pj := f^C^] (here is the 
coarse curve of C-'). 

We need some properties about restrictions of these line bundles. 
Claim. Consider the line bundle H^^'^'^ := 0„su{i} (-^D^y^''^^^). Let C be a 

geometric fiber of 2)^+1^^ ^ ?^o,n,/3- 

• If there is no node e in C such that the two connected components of the normal- 
ization of C at e have degrees /?', resp. /?" (such that j3' + [5" = P), and contain 
marked points with indices in T, resp. T'^, then H^'^'^'^le is trivial. 

• If there is such a node, let Ci and C2 be the two connected components of the 
partial normalization at the node. Suppose that the preimages of the marked 
gerbes with indices in T are contained in Ci. Let Si C Ci and 62 C C2 be the 
two irreducible components in Ci and 62 containing the node e. Then 

(1) i:m/^')|_^o_ (__!_); 

(2) ^("•^'^le.-%(^)- 

(3) the restriction of iL^-^'^'^ to any other component S' of S is trivial. 

Proof of Claim. The first property follows since S misses dJ,^^"+^^ For the sec- 
ond property, first note that Ci = C n dJ,^^""*"^^ and C2 = C n -Dj/f • Therefore 
C2 n dT,^^""*"^^ is one point and above follows. ([3]) for any component S' C C2 
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also follows. Moreover, since 0(^r^(Dj, U o'^y^^^^^)) over 2)^^^| ^ is the pullback of 
0(^r^-Dj,) over 2}q ^ ^, its restriction to geometric fibers has to be trivial. This implies 
that 0^<?u{i} (zr^DZ)\p ~ Op (-zr^)- Statements (HI) and (ED for C C 61 follow by 
symmetry. l|k 

Notice that the following diagram 

('Q4^ p9U{l} ^ vv,9U{l} 



is cartesian, hence the fibers of Pfl^i^ — > Pi are isomorphic to the fibers of 2)^^^| ^ 
2)q^^. Applying the above Claim and the fact that dT,p' = —dTc^p-f^', we find 

(35) v*ii<s\eo = Oeo{Y.^S.- E r^^.)- 

«6To * l<i<m 



By (j3T|) we have 



By (|30|l we have 

Since /3 = /3o + X^i<j<m /'i' '^^ that the degree of u*£!g|eo is 



= 1 / Cl(£). 

Thus the degree of {v*Lsq)'^'^ (gi (ti*iL)~^|go is zero, as desired. □ 



Let Tn = y^2/Pn be the stack of r-th roots of £^2. Denote by vrp^ : — > -Pn- 
Consider the pull-back of P^\^^ —>■ Pi to Vfi, via 7rp„: 



(36) ^ — ^ 



71+1 ^ n+1 
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Lemma 3.22. There exists a family of twisted stable maps 
(37) ^/L/X 



rp3 



Proof. Let ^2^^ be the universal r-th root line bundle of 7rp^^'C2 over Tn. In p6p we 
calculate 

The line bundle := 7rp^^^t'*i^a) 0'*('^2^'')^^ defines a morphism 
(38) - 

Since (/>' : '^f^i^ ^ Tn is a family of twisted curves, to show that the morphism (j38p 
is a family of twisted stable maps we need to check that it is representable. For this 
purpose it suffices to work on geometric fibers of (p' . 

Let (C, {(7i}) be a geometric fiber of 0', with coarse curve (C, {pi}) and a given stable 
map / : {C,{pi}) ^ X of degree (3. The restriction of ([38]) to C is given by the line 
bundle ^■j>\q, and fits into the following diagram: 



c 



f 



X. 



By the choices of di, 1 < i < n as in (I30p . the action of the stabilizer group of (Tj on iLj>|(j. 
is given by the element gi £ fij-- This is due to the fact that by construction Aut{ai) 
only acts non trivially on the fibers of iLg. By the choice of vj^^pi ^dx^p' as in (jl4p and 
([3T]) . on the restriction of -Cyje to a node x S C, the action of the stabilizer group of x is 

given by exp(27r-v/— 1^^) = exp(27r-v/— 1 ) (when viewed £^y|e as a line bundle on 



T,l3' 



one of the branches meeting at x). Since by construction mx^p' and r^^pi are co-prime, 
it follows from Lemma [3. 21 that the restriction of / to any irreducible component of C is 
representable. Therefore / is representable. Hence (I38p gives the family (I37p of twisted 
stable maps we want. □ 



As observed in the proof of Lemma \'i.22\ the family (|37p induces a morphism IP^ 
3Co,n(S,/3)- The choices of di ensures that actions of isotropy groups at marked points 
are given by the admissible vector g. In other words (I37p gives a morphism 



(39) 



^ n 



3Co,n(S,/3)^ 
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which fits into the fohowing diagram: 

(40) yi -3Co,n(S,/3)5^ 



id 



pa 



It is straightforward to checlc that the diagram is commutative. Indeed, an object 
is given by 



(41) 



T, f:C^X, J<, 



where TTg : C 



T is a family of twisted curves, / : C ^ X is a stable map from the coarse 
moduli space of C to X, and !}Sf is a line bundle over T together with an isomorphism 



via g : T 



Note that C — > T is obtained as the pull-back of (/)' : '?^^^\ 



a,9 

0,n,/3' 



hence there is a morphism ^rg : C — > J"; 



,9U{1} 



,/3 



rp9 

0,n,/3 



0,n+l,/9- 

In (j40p . the morphism IP^ — > Pii just forgets the line bundle Ji. The morphism 
3<Co,n(S, /5)^ takes an object ([1T|) to a twisted stable map S ^ S defined by the 
line bundle g*QV*Li^ 7r*!N^^. The morphism 3<Co,n(S, /3)^ — > Pn retains -Kg : Q ^ T and 
f : C ^ X. Hence ()40p is commutative. 

An easy analysis on automorphism groups of (|41|) and twisted stable maps shows 
that the morphism (|39|) is representable. By [5^, IV, Proposition 2.2.6, a representable 
morphism between two gerbes banded by the same group is an isomorphism. Since both 
"Pn and 3Co,n(S,/3)^ are gerbes banded by the group fir (cf. Theorem I3.19p . (p9]) is an 
isomorphism. This completes the proof of Theorem 13.201 □ 



4. Gromov-Witten invariants 

4.1. Virtual Fundamental Class. The moduli space Mo,n(-^;/?) has a perfect ob- 
struction theory relative to TIq „ which is given by 



where 



C 



Mo,„(X,/3)/S!«o,> 



X 



is the universal stable map. Notice that since the morphism s" in diagram ()25p is etale, 
E* is also a perfect obstruction theory relative to 9Jlo,n,/3- 

Consider the universal twisted stable map to the gerbe S: 



3Co,n(S,/3). 
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According to [2] the moduli stack 3to,n(9, /?) has a perfect obstruction theory E* relative 
to OJTq'^ given by 

Since the morphism 2)q „ ^ ^ p etale (Lemma l3.15p . we can view E* as a perfect 
obstruction theory relative to 2)q„^. 

The complex E* turns out to be the pullback of E* as an object in Dcoh{^o,n{9, P))- 
Lemma 4.1. There is a natural isomorphism of objects in T)coh{^o,n{9, (3)), 

Proof. We will prove the statement for E"^* = RttJ*Tq and E"^' = R-K^f*Tx. 
Consider the complex Lp* R-K^f*Tx in Dco/i(3^o,n(S, It suffices to show that 
Lp* RTT^:f*Tx — i?7r*/*Tg. For this we consider the diagram 




X3,„(g,/3)^Mo,n(X,/3). 

Observe that e*Tx — Tg. Also we have Rp^Lp* ~ Id because the map p is the relative 
coarse moduli space for the map tt. The arrow p is flat, as follows from Remark 13.131 
and from the gerbe structure of 3Cg^„(9,/3)^ over Pn for any admissible vector g. The 
arrow tt is flat because it is the structure morphism of the universal curve. Moreover the 
square in the above diagram is cartesian, hence we calculate (based on [M], Proposition 
13.1.9) 

Lp*R7rJ*Tx ~ RnuLplfTx 

~ R7ruRp,Lp*LpirTx 
~ RTTuRpJ*e*Tx 
~ R7ruRpJ*Ts 
~ RnJ*Tg. 
Since p* is exact, we write p* for Lp*. □ 

Remark 4.2. The composite morphism p*E' P*^!/^ „(x,/3)/OTo,„ ^ ^Xo,„{S,/3)97ot*- 
in Dcohi^o,ni9, is the same as E'^* — > LjCo n{S,l3)^ /^q" ■ '^^^s follows from functo- 
rial properties of the cotangent complex (|30j Ch.2 Sect. 1 and 2). The relative obstruc- 
tion theories E* and E'^* are built from functorial morphisms between the cotangent 
complexes of the target scheme or stack and of the universal objects (cfr. |13j Sect. 6). 

Theorem 4.3. Let ^ ^ X an r-th root of a line bundle. Let g be an admissible vector. 
Then the following relation between the virtual fundamental classes holds: 

(42) P.[%o,n{^,firr = -\Mo,n{X,l3T'. 
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Proof. Consider the diagram (I25p again. Observe that the following hold: 

• SDTo,ra,/3 aiid 2)q ^ ^ are smooth Artin stacks of the same pm'e dimension; 

• The morphism 2)q „ ^ — > ^o,n,p is of Deligne-Mumford type and of pure degree; 

• The morphism r'or is proper (because being proper is preserved by base change); 

• MQ,fi{X, P) — > 9?lo,n,/3 has a perfect relative obstruction theory E* inducing a 
perfect relative obstruction theory on Pi — > 2)q ^. 

Therefore we can apply Theorem 5.0.1 of [21] and conclude that (r' o r)*[P,?]''*^ = 
[MQ^ni^, P)]^'^'^ , where the multiplicative factor is 1 because by construction ([35j, The- 
orem 4.1) 2)q ^ ^ — > 9?to,n,/3 is an isomorphism outside a locus of codimension 1, hence its 

base change has virtual degree equal to 1. Since t is etale [3Co,n(9, /5)^]^*'~ = deg{t)-[Pi]'"^'^ . 
Since, by Theorem [332] or [323 t is of degree i, follows. □ 

4.2. Genus invariants. Let 



e : g = ^/Z/X^X 
be a /Ur-root gerbe. Then the inertia stack admits the following decomposition 

where 9g is a root gerbe isomorphic to S. Let eg : Sg ^ X he the induced morphism. 
On each component there is an isomorphism between the rational cohomology groups 

e*g:H*{X,Q)^H*{9g,Q)- 

Let g = {gi, gn) he an admissible vector. There are evaluation maps 



where I{9)gi is a component of the rigidified inertia stack I(S) = Ugg^^/(S)g. Although 
the evaluation maps evi do not take values in IS, as explained in [2], Section 6.1.3, one 
can still define a pull-back map at cohomology level. 



ev* : H* ,q)^H* (OCo.n ( Py,Q). 

Given 5i £ -ff*(Sg.,Q) for 1 < i < n and integers ki > 0,1 < i < n, one can define 
descendant orbifold Gromov-Witten invariants 

„ n 

JiXoMV^'/^)']""" i=i 

where V'i are the pullback of the first Chern classes of the tautological line bundles over 
Mo^niX, P) (which by abuse of notation we also denote by ipi). 

For classes 6i G H*{Sgi,Q), set 6i = ie*g.)~^ (Si) ■ Descendant Gromov-Witten in- 

„f V „ — „ 

0,n,/3 

following comparison result. 
Theorem 4.4. 

1 ,^ 



variants {6iip^^,--- ,6nipn")on0 similarly defined. Theorem 14.31 implies the 



r 

Moreover, if g is not admissible, then the Gromov- Witten invariants of S vanish. 
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Proof. Denote by evi : MQ^ni^, P) ^ the i-th evaluation map. Using the definition 
of ev* one can check that ev*{Si) = p*ev*{6i). Note also that p*'ipi = V'i- Thus using 
Theorem 14.31 we have 

„ n 

J[3<:o,„(S,/3)9]""-f=i 
„ n 

"'[3<:0.n(S,/3)9]"''- j = l 



hi 

i 

1=1 

n 

hi > 



[3Co,„(S,/3)9]-'-f^-^ 



1 

r 

1 ,^ 



□ 



In the following we use complex numbers C as coefficients for the cohomology. For 
a E H*{X, C) and an irreducible representation p of /i^, we define 



r 



where xp is the character of p. The map (a, p) i— > Qp clearly defines an additive isomor- 
phism 

(43) F*(X)[,]=.F*(/g,C), 

[p]eAv 

where is the set of isomorphism classes of irreducible representations of fir, and for 
[p] €11; we define H*{X)[p] := H*{X, C). 

Theorem 14.41 together with orthogonality relations of characters of pr implies the 
following 

Theorem 4.5. Given cJi, ...,a„ G Q) and integers ki, kn > 0, we have 

^ {^{aii>\\- ■ ■ , ani^t)o,n,0Xp{ew{ '^"""^/^ '^^^^ )) ifp^ = p2 = ... = p^ =: p, 

otherwise. 

Proof. By our definition we have 

{(Xlpi'4'l^ , Q^np„'0n")o,n,/3 
^ n n 

9lv,9nePr j=l j = l 

The term associated to g := {gi,---,gn) in the above sum vanishes unless g is an ad- 
missible vector. This implies that nr=i5i ~ ^^P( — —-^r——^)- We rewrite this as 
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= exp( -—/^——^)YYi=igi- Substitute this into above equation and use Theo- 



rem to get 

{aip,ij'l\...,anpJt)ln,f3 

9l,---,5n-l6Mr \i=l / i=l 

Applying the orthogonahty condition 



we find 



^ ^ P'P ' 



\i=l / i=l 



The result follows. □ 

We now reformulate this in terms of generating functions. Let 
{lpi\l<i< rankH*{X,C)} C H*{X,C) 
be an additive basis. According to the discussion above, the set 

{^ip \l<i< TankH*{X, C), [p] € /v} 

is an additive basis of H*{IS,C). Recall that the genus descendant potential of S is 
defined to be 

?g({*jp,i}l<i<rank_ff*(X,C),pe/?,j>o; Q) '■ = 

(4^) Yl n>o,i3eH2(x,z) ^ Ylk=l'^ikPk,jk(n.k=l 't'ikpk''l'k''^0,n,f3- 

ii,...,i„;pi,...,p„;jl,... j„ 

The descendant potential ?g is a formal power series in variables Upj,! < i < 
ranki/*(X, C), p E > with coefficients in the Novikov ring C[[A^S(X)]], where 

NE{X) is the effective Mori cone of the coarse moduli space of S. Here are formal 
variables labeled by classes [i G NE{X). See e.g. [39] for more discussion on descendant 
potentials for orbifold Gromov-Witten theory. 

Similarly the genus descendant potential of X is defined to be 

„^ n " _ _ 

(45) ?^({k,}l<.<rank/f*(X,C)j>0;Q) := E ^W^^^^lkiJlKi'i^n,^- 

n>0,P£H2(X,Z) k=l k=l 

The descendant potential 9"^ is a formal power series in variables tj.j,! < i < 
rankff*(X, C),j > with coefficients in C[[A^-E(X)]] and is (again) a formal variable. 
Theorem 14.51 mav be restated as follows. 

Theorem 4.6. 

^i{'^ip,j}l<i<rankH*{X,C),pe]l;,j>0'iQ) = E ■^i{^ipd}l<i<rankH* (X,C),j>0'j Q p) j 

[p]e/v 
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where Qp is defined by the following rule: 



27rV^Lci(i:)^ 



Q^p ■■= Q^Xp (^exp y , 

and Xp is the character associated to the representation p. 

Theorem 14.61 confirms the decomposition conjecture for genus Gromov-Witten the- 
ory of S. 

Another reformulation of Theorem 14.61 will be useful for later discussion. Consider a 
new set of variables 

{q^P,^l < i < TankH*{X,C), [p] G /v, j > 0} 
defined by dilaton shifts 

jtipj if 

if = (1,1). 

We view ?g as functions in the variables Qipj'- 



^% = s%{{q^p,,}■,Q). 

Each term in the right-hand side of Theorem 14.61 can also be viewed as a function of 
the new variables qip^j for a fixed p G /IP: 



^({^ipj}; Qp)- 



By dilaton equation, we have 



Qp) — '3\{{qip,j}'-,Qp) 



where qip^j := rqipj. Let Mp denote the Probenius structure on H*{X)^p] = H*{X) 
obtained using the potential function 9x({^«pj}' Qp) Poincare pairing on X. 

The following is a re-statement of Theorem 14.61 



Theorem 4.7. Under the isomorphism |^3[ ), the Frobenius structure defined by the 
genus Gromov-Witten theory of Q is isomorphic to (BpMp. 

4.3. Higher genus invariants. In this Section we consider higher genus Gromov- 
Witten theory in the semi-simple situation. Again consider a root gerbe S = -{/^/X — > 
X. The main idea here is to apply Givental's formula [2H], |38j to reduce the question 
to genus 0. 

Suppose that the Frobenius structure associated to the genus Gromov-Witten the- 
ory of X is generically semi-simpl^. It follows from Theorem 14.61 that the Frobenius 
structure associated to the genus Gromov-Witten theory of 9 is also generically semi- 
simple. Choose a semi-simple point r E H* (X) for the theory of X such that the point 
T := (r, ...,r), which we view as a point on //*(/S,C) via the isomorphism (j43]) . is a 
semi-simple point for the theory of 9- 



'''it follows immediately from Theorem l4.6l tliat the Frobenius structure associated to genus Gromov- 
Witten theory of X is generically semi-simple if and only if the Frobenius structure associated to the 
genus Gromov-Witten theory of S is generically semi-simple. 
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Let S~ be the calibration associated to the Gromov-Witten theory of S (see [28] . 

Section 5 for a detailed definition). By the definition of Mp it admits a calibration S^'' 
similarly defined in terms of Gromov-Witten invariants of X. Using Theorem 14.51 it is 
easy to see that 

qS _ q^p 

under the isomorphism (I43p . Observe that other quantities appearing in Givental's 
formula for descendant potentials are determined by the Frobenius structures. Thus we 
obtain 

Theorem 4.8. 

^s({%pj}l<?<ranfc//*(X,C),pe/i;,j>0; Q) = W '^'^^''i{Qip,j}l<i<rankH*{X,C),j>0'jQp)- 

Here Dg = exp(^^>Q /iS~^9"g) is the total descendant potential for S, IFg is the genus 
g descendant potential, and Ti^p is the total descendant potential associated to the 
(semi-simple) Frobenius structure Mp, as defined in [28j . 

It follows immediately from the definition of Mp that the descendant potential D*^p 
coincides with the total descendant potential I'x({9ipj}i<j<rank_ff*(x,c),j>o; Qp) the 

resettled variables qipj = rqipj, Qp = Q^xpi^wi -—J^^——^))- According to dilaton 

equation, the rescaling ijipj = rqipj can be replaced by the rescaling h i— > hr'^ of the 
genus variable h. We thus obtain 

Corollary 4.9. 

3^g({%pj}l<i<ranfc//*(X,C),pe/l;,i>0; Q) = r"^^ ^ ^ ^x({lip,j}l<'i<rankH''{X,C),j>OTQp)- 

p6/v 

This Corollary proves the decomposition conjecture for genus g Gromov-Witten the- 
ory of S. 

Appendix A. Banded abelian gerbes 

Let X be a smooth projective variety over C. Let G be a finite abelian group. 
Consider a banded G-gerbe S over X. The purpose of this Appendix is to study the 
Gromov-Witten theory of 9 • First we explain in Section lA.ll below how the results in 
the main part of the paper can be extended to banded G-gerbes 9 which are essentially 
trivial. Then in Section [A. 21 we study the case of arbitrary banded G-gerbes. Finally in 
Section |Aj we discuss results in Gromov-Witten theory. 

We begin with some preliminary materials. Recall the following well-known structure 
result for finite abelian groups: 

Lemma A.l. Let G he a finite abelian group of order N. Then there exists a decompo- 
sition 

k k 

(46) ^-H l^rO) ' ^^(^re Yl r^^^ = N. 

i=i i=i 



Throughout this Appendix we fix such a decomposition (|16]) of G. 



34 



ELENA ANDREINI, YUNFENG JIANG, AND HSIAN-HUA TSENG 



Observe that the inertia stack IS admits a decomposition 
(47) /g = U^ecSg, 

indexed by elements in G. Let I(S)g C /(S) be the image of under the natural map 
IS — > /(9) to the rigidified inertia stack. A vector of elements 

is called admissible if the locus 

is non-empty. Note that for 1 < i < n we may write 

k 

9i:= (fff\-,5f^)eri/i.(.)=G. 

i=i 

A.l. Essentially trivial abelian gerbes. By definition a G-gerbe over X is essentially 
trivial if it becomes trivial after contracted product with the trivial O^^^-gerbe. In this 
Section, let S — > ^ is an essentially trivial G-banded gerbe over X. The following result 
is known (see e.g. [26j, Proposition 6.9). 

Lemma A. 2. Let ^ ^ X is an essentially trivial G-handed gerbe over X , with G finite 
and abelian. Then there exist line bundles L^'^'^ over X and positive integers 

r^^-*, r^^), such that 



(48) S ^ ''^L^^^/X XX "-'yLi^yX XX ... XX "'ViLW/X. 

Proof. Let [9] G H^^{X,G) be the class of the gerbe S. Fix a decomposition of G as 
in dm). Denote by pj : G ^ the projection to the j-th factor. For I < j < k, the 
induced morphismpj^ : H^^{X, G) H'^f{X, ^^a)) maps the class of a G-banded gerbe S 
to the class of the //^(j) -gerbe obtained from 9 by taking the contracted product with the 
trivial -gerbe . This is the same as taking the rigidification of 9 by the subgroup of 
the inertia G := . The composition oipj with the standard embedding ii^(j) — > C* 

yields a homomorphism (pj : G ^ C* . Clearly the composition 

G -^C* ^— ^ C* 

is trivial. 

Associated to the Kummer sequence 



1 l^rU) C* C* ^ 1 

there is a long exact sequence 

... ^ HhiX,C*) ^ ^i(X,/i,(,)) ^ HliXXl ^ HliXXl ^ ... 

The map (pj induces a homomorphism (pj^ : il|^(X, G) — > H'^^{X,C*) mapping the class 
Pj*[9] of the //^(j)-gerbe obtained from 9 by the homomorphism pj : G ^ ^^{j) to the 
class of its contracted product with the trivial O^^-gerbe. Since 9 is essentially trivial, 
the class (t>j^{[% S ^|(X,C*) is zero by definition. By the exact sequence above this 
means that there exists a line bundle L^^^ over X such that the /ij,{j)-gerbe of class Pj*[9] 

is isomorphic to the root gerbe iL(-j) /X. We can prove the claim by induction on 
the number k of cyclic groups appearing in the decomposition of G. For k = \ the claim 
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is true by definition. Assume it is true for k = n — 1. Let S be a G-banded gerbe, where 
G ~ nj'=i /^r(j) • Consider the group homomophisms induced by the rigidification 

H'iti^, G) H'^ti^, G) e Hj^{X, fij.(„)), 

where G ~ G/fi^(n). We denote the corresponding gerbes by S and Sfc- We have a 
commutative diagram 

(49) 




where the dotted arrow is induced by the universal property of the fiber product. The 
morphism S — > S x Sfc is representable and factors through S ^ S, which is therefore 
representable. We conclude by observing that a representable morphism between two 
gerbes banded by the same group is an isomorphism. □ 



In view of Lemma lA. 21 we assume that the gerbe 9 is of the form ()48p . We call this 
gerbe a multi-root gerbe. Recall that to give a morphism y — > S is the same as giving a 
morphism f : Y ^ X and line bundles Mi,...,Mfc over Y together with isomorphisms 



f*L(j), l<j<k. 



The constructions in Section [3] can be easily modified to treat the multi-root gerbe S- 
Arguments proving Lemma 13.51 and Proposition 13.61 easily yield the following 



Proposition A. 3. 

(1) A vector g is admissible (with respect to a class (3 G Z)j if and only if 



(50) 



n 



Cl 



(i:(^')) 



l<j<k. 



(2) Given a vector g satisfying l50j] and a stable map [f : {C,pi, ...,pn) X] £ 
Mo,n(^) /?)(C), there exists, up to isomorphisms, a unique twisted stable map 
J: (e,c7i,...,a„) in%o,n{^,f3f lifting f . 



Remark A. 4. The n-tuple {g\ 
'''-'l/IW/X as in Definition\K 



: ■■■1 yn ) 



is an admissible vector for the root gerbe 



Next we define some numbers. 



Definition A. 5. (1) For 1 < i < n, let ri be the order of gi in G. Each g\^\^ < 
i < n may be identified with a root of unity 



(51) 



g-' = exp(27rV-16lp'^), where Of E Q n [0, 1), 

which defines the rational numbers ,1 < i < n. For I < i < n and 1 < j < k, 
define 



where 0) G 



Si) ._ Jj)o{i) 



So) 



gcd{rO),p\^^y 



m. 



P. 



gcd{r(j),p'f^) 
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(7) (7) (7) 

Note that divides Vi, and rY is the order of gf in iJ,j.(j). 
(2) For d pair (X", ifidcxifig the boufiddvy divisovs of DJlo^fi as in Definition \3.10[ 
define 

(52) 



'-(-^^ 1^'''^ ^ Z^^^ /' 'T,,'- g^^^^,)^^u)eipS gcd{rU),rU)e^A')' 



(3) Define 

9T\f}' ■= exp(27r\/^6l^]3,) G ^^o), gr^p' ■= (5t,/3" ■■■^9t'!p') ^ G. 
And let r^^pi he the order of gT,p' in G- 



With the numbers defined above, the constructions and results in Sections 13.31 and 
13.41 are vahd for the multi-root gerbe S. The proofs are straightforward modifications. 
In particular we still have the diagram (j25p . 

Moreover Theorem 13.201 admits a generalization to multi-root gerbes: 
Theorem A. 6. 3Co,n(S,/3)^ is a multi-root gerbe over Pn • 

To prove Theorem lA.6l it suffices to repeat the arguments in the proof of Theorem l3.20l 
multiple times. The key point is to construct a collection of line bundles, generalizing 
the one in ([32]) : 

(53) 4j'-o,«.. Je^^.- e ;gf°r^" . is^-s*- 

Here the set J^) is defined on page 1161 and we use the following definition: 
Definition A. 7. (1) For 1 <i <n and 1 < j < k we define d^p £ Z by requiring 

(54) ,C,)=e.p(^.»), w|:|; = -Ly^c,(^«- 



(2) To d pair (Tj/S^'^ which indexes a bouTiddry divisov of DJlo^n ^13, we associate inte- 
(i) 

gers dj, ^, such that 

P5) E;bT + J^ = ;ut//.('^»). isi<*. 

A. 2. General G-banded gerbes. In this section we generalize the results proven in 
Section [A. II to arbitrary banded G-gerbes S over X. Most proofs work exactly as in the 
root gerbe case. Indeed, by Lemma [3TT] there is a correspondence between twisted stable 
maps to a gerbe S — > A and representable morphisms to gerbes over prestable curves 
obtained as a pullback of S along stable maps to X. The key point is that a G-gerbe 
over a family of prestable curves is a multi-root gerbe etale locally on the base. Since a 
stack is a gerbe if and only if locally it is, we can apply results for multi-root gerbes to 
prove that 3Co,ra(S,/5) is a gerbe over a stack generically isomorphic to Mo,n(A, /?). 

Lemma A. 8. Let Q be a fir-banded gerbe over a scheme X of class a in H'^^{X,fir)- 
Let f : C ^ X be a stable map of class /*[C] = P £ i?2^(A, Z) with C a smooth curve 
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over SpecC and let Sc be the puUback of S along f. Then Qc is a root gerbe whose 
class in Hj^{C,fir) is determined by a and (5. 

Proof. Over the complex numbers there are canonical isomorphisms H'^^{X,fir) — 
Z/rZ) and Hj^{C,^r) — H'^{C,Z/rZ). Since C is a smooth projective curve, 
H'^{C,'Ii/rX) ~ TLjrTL. This isomorphism induces the identification of the restriction 
map /* with an element of H2{X,'L/r'L) via Poincare duality. Such an element can be 
identified with the image of the curve class (3 along H2{X,'Z) H2{X,7j/r7j), that we 
denote by (3. We have therefore 

/* : H^{X,Z/rZ) H^{C,Z/rZ) ~ Z/rZ 
(56) a ^ an p. 

In the following we will denote the class f*a of 9c by We identify Z/rZ with the 

group of r-th roots of unity in C* via Z 9 / i— > exp(27r\/— l//r). In this way we also view 
k{P) as an element of C*. 

Consider the exact sequence 

1 — > Z/rZ — > Gm — > Gm — > 1, 

and the associated long exact sequence in cohomology 

... ^ HiiCG^m) ^ HiiCGm) ^ H^{C,Z/rZ) ^ Hl{C,Gm) ^ 

Since H^^{C,Gm) = by Tsen's Theorem, there is an element in H^{C,Gm)/r ■ 
H^{C,Gm) lifting «;(/?). Therefore Sc is the gerbe of r-th root of a certain line bundle 
we denote by £. □ 

Remark A. 9. If C = Ci U ... U Cr is reducible, then for i = 1, ..,n the classes of 
in Hj^{Ci, fj,r) are given by K{Pi), where Pi = /*[Ci] in H2{X,Z). If 9 — ^fLjX, the 
class of in iJ^(C, Z/rZ) is induced by the degree of the restriction of the line bundle 
inducing the gerbe, namely k{(3) = exp(27r-v/— If 

Again let S ^ A be a banded /U^-gerbe. Let / : C — > A be a genus stable map, 
and let C = Ci U ... U be the decomposition of C into irreducible smooth genus 
zero components. The class of the pullback gerbe /*S|ci is determined according to 
Remark IA.9I Observe that there is a unique line bundle of degree less than r inducing 
9ci) that we denote by Mj. The collection of line bundles (Mi, ...,M„,) with the gluing 
conditions at the nodes corresponds to an unique line bundle M over C inducing /*9. 
We emphasize that this line bundle only depends on the class of 9 and on the homology 
class of (the irreducible components of) the curve C. As observed in Remark IA.91 this 
is completely analogous to what happens in the case of root gerbes. 

The discussion above generalizes to the case when 9 — > A is a G-banded gerbe with 
G an arbitrary finite abelian group. This can be seen as follows. Let / : C ^ A be a 
genus stable map. Fix a decomposition of G as in ()46p . We have isomorphisms as in 
the following diagram 

H\X,G)^^®%^H\X,^l^.(,,) , 



H\C,G) ®^=iH^{G,fi,u): 
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where the restriction maps are as in Lemma lA.81 The horizontal isomorphisms in the 
above diagrams are due to an argument very similar to the proof of Lemma IA.2I The 
class of the gerbe /*S determines via this isomorphism a fc-tuple 

(K«(/3),...,K(^)(/5))Ge,ti^2(C,;U,u)). 

By the discussion of banded /x^-gerbes above, this yields a collection of k line bundles 
(M(^),...,M(^)) inducing root gerbes S^^) on C such that f*9 ~ S^^) Xc ■■■ Xc S^^^- 
Moreover = exp(27rV^^degM(^)). 

From the above discussion it follows that we can give a characterization of admissible 
vectors for arbitrary G-banded gerbes completely analogous to the characterization given 
in Lemma [3.51 Suppose g = {gi,...,gn) S G^" is an admissible vector. Write gi = 
{gl^\ ...,g^^^) £ Y[j=it^rO)- definition there is a twisted stable map / : C — > S. Let 
/ : C ^ X be the map between coarse spaces. Then as in Lemma 13.11 the map / is 
equivalent to a representable map f ■ Q ^ 9c '■= f*9 = C xx 9- As discussed above, 
Sc is a multi-root gerbe over C given by a collection of line bundles (M*^^^, over 
C. Write vr : C ^ C for the natural map. Applying Riemann-Roch to each line bundle 
(7r*M*^-'^)^/'''^' yields an equation analogous to ([9]), (fSOl) : 

n 

(57) []gP = K(^)(/3), l<j<k. 

i=l 

Note that we view k^^\i3) as an element in C*. Also note that different choices of 
M^-^^ do not change this equation. We can also prove the analogous of Proposition 13.61 
Proposition IA.3I without any change. 

As in the root gerbe case, given a twisted stable map / : S ^ S to a banded G-gerbe, 
the order of the isotropy groups of the nodes of the geometric fibers of C are determined 
by the choice of an admissible vector as in (I57p . An admissible vector g and a class [3 
allow to define numbers as in (I52p . except that the numbers Oj^ pi are defined in terms 
of We can apply the construction of Section [3.31 using these numbers to obtain 

a stack 2)q ^ ^. We also define the stack Pii as in diagram ([25|) . The same arguments of 

Section [33] give a morphism 3Co,n(S, — > 2)o „ p, hence a morphism 3Co,n(S, Pn- 

Our next goal is to prove that Xo,n(S,/3)^ is a gerbe over Pn- We prove this by 
showing that any morphism T ^ Pn etale locally admits sections and that any two 
sections are locally isomorphic. In order to do so we need a (well-known) Lemma. 

Tsen's theorem implies that any one-dimensional scheme with nodal singularities over 
an algebraically closed field has trivial Brauer group. In fact, etale locally on the base, 
this is true also for a flat proper family of curves, as shown in the following Lemma. 

Lemma A. 10. Let p : C ^ S be a flat proper family of nodal curves. Let S — > G be a 
^T-handed gerbe. Then, etale locally on the base S, S is essentially trivial. 

Proof. It is enough to consider the low degree terms exact sequence obtained from 
Leray's spectral sequence for the morphism p : G — > S* and the sheaf of groups 0^. The 
relevant part is 

Then one sees that, given a class in H1^{C, 0^), after localizing on the base, it becomes 
trivial. Indeed, let a be a class in i?|^(G, 0^). Assume it has non trivial image in 
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Hj^{S, R^p^:0'^). The last group parametrizes i?^p=KO^-torsors over S, which can be 
triviahzed locally. Then locally on the base a is the image of a class in i??^ (5,^*0^) ~ 
H'^^{S, 0*g). Up to localizing further on S, we can assume as trivial. □ 

Theorem A. 11. Let S be an arbitrary G-banded gerbe over a smooth projective variety 
X , with G a finite abelian group. Let g be an admissible vector for 9 and f3. Then the 
morphism 3Co,n(S, — > exhibits 3Co,n(S,/?)^ cls a G-banded gerbe over Pn ' 

Proof. As in Lemma 13.11 we observe that a lift of a stable map / : C ^ A to a 
twisted stable map / : C ^ S for a given twisted curve C is equivalent to a representable 
morphism S — > /*S- Lemma lA. 101 says that, up to restricting the base of the curve, the 
target is a multi-root gerbe. We can therefore apply the arguments in the second part 
of the proof of Theorem 13.191 to conclude that etale locally there exists sections, and 
that locally any two sections are isomorphic. □ 

A. 3. Gromov-Witten consequences. Let S ^ A be a G-banded gerbe, with G a 
finite abelian group. With Theorems IA.6I and lA.lH a comparison result of virtual 
fundamental classes, which generalizes Theorem 14. 3 ^ can be proven in exactly the same 
way. 

Theorem A. 12. Let p : 3Co,n(S,/3)^ Afo,n(A, /3) be the map defined by sending a 
twisted stable map to the induced map between coarse moduli spaces. Then 

P*[3Co,n(S,/3)^1"'^ = ^[Mo,n(A,/?)]«^ 

We now formulate Gromov-Witten theoretic consequences of Theorem IA.12I In the 
decomposition (j47p let : 9^ — > A be the natural map. The pull-back by eg is an 
isomorphism on cohomology with rational coefficients, 

e* :i/*(A,Q) ^i/*(99,Q). 

Using the cohomological pull-back by the evaluation maps, as defined in [3j, Section 
6.1.3, 

e< : i/*(99„Q) ^ i/*(3Co,„(9,MQ), 
we may define descendant Gromov-Witten invariants to be 

„ n 
y[3Co,„(g,/3)9]-'- j^;^ 

where 5i S /7*(9gi,Q) for \ < i < ki > < i < n are integers, and are the 
pullback of the first Chern classes of the tautological line bundles over Mo,n(A, 

A generalization of Theorem 14.41 immediately follows from Theorem IA.12I 
Theorem A. 13. For 6i G H*{Sg„Q), put6i = (e*J~^((5i). Then 

If g is not admissible, then the Gromov- Witten invariants of 9 vanish. 
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When we work with cohomology with complex coefficients, we can reformulate Theo- 
rem |X?T3] using irreducible representation^ of G. For a E H*{X,C) and an irreducible 
representation p of G, we define 

where Xp is the character of p. The map (a, p) ^ Op clearly defines an additive isomor- 
phism 

^ H*{X)[^]^H*{I9,C), 

lp]eG 

where G is the set of isomorphism classes of irreducible representations of G, and for 
[p] G G we define H*{X)[p] := H*{X,C). 

Theorem IA.13I together with orthogonality relations of characters of G implies the 
following 

Theorem A. 14. Define an element gjs £ G by 

k 

gp := (k« (/?)-!,. (/?)-!) G H/^rU' = G. 

i=i 

Then given ai, an G H*{X,Q) and integers /ci, A;„ > 0, we have 

^ f • • • ,'^n1pt)o,n,/3Xp{9f3) if Pi = P2 = ■■■ = Pn =■ P, 

lO otherwise. 

The proof is similar to that of Theorem 14.51 and is left to the reader. 
Remark A. 15. In case of multi-root gerbes '^^ have 

9P = ^(T^ ),-,exp( -j^^ ) J G [[p,u) = G. 

Again Theorem IA.14I can be formulated in terms of generating functions. Let 

{^i\l<i< ranki?*(X,C)} C H*{X,C) 

be an additive basis. According to the discussion above, the set 

Hip \l<i< TankH*{X, C), [p] G G} 

is an additive basis of H*{IQ,C). The genus descendant potential of 9 is defined to 
be 



3^({*'P,j}l<j<rank//*(X,C),pGG,i>0' ^3) •— ^| H ,ife (Jl 'Aj^pfc V'fc* )o,i 

n>O,0eH2(X,Z) ' k=l k=l 

il,...,in;pl,---,Pn;jl,---,jn 

The descendant potential 9^ is a formal power series in variables tipj,l < i < 
rankfl'*(X, C), p G G,j > with coefficients in the Novikov ring C[[NE{X)]], where 
NE{X) is the effective Mori cone of the coarse moduli space of S. Here are formal 



^Note that since G is abelian, its irreducible representations are all 1-dimensional. 
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variables labeled by classes (3 £ NE[X). The genus descendant potential of X is 
defined in (|^5|) . 

A reformulation of Theorem IA.141 which generalizes Theorem 14.61 is the following 
Theorem A. 16. 

3^({*w}l<i<ran/fcH*(X,C),peG,i>0'^) = Tq\2 X] '3\{{tip,j}l<i<rankH* {X,<C)j>0; Q p) ■, 

[p]eG 

where Qp is defined by the following rule: 

and Xp is the character associated to the representation p. 

This confirms the decomposition conjecture in genus for the banded G-gerbe S. 
The formal arguments in Section 14.31 yield the following generalization of Corollary 14.91 
(which proves the decomposition conjecture for genus g Gromov-Witten theory of S): 

Theorem A. 17. Let and 3"^ denote the genus g descendant potentials of 9 and 
X respectively. Suppose that the genus Gromov- Witten theory of X is generically 
semi-simpl^. Then 

^U^1ipj}l<i<rankH*(X,C),pGG,j>0''Q^ = 1^1^^ ^ ^xdHpd} l<i<rankH* (X,C)J>Oi Qp)- 

peG 
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